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Model for Rotor Tip Vortex-Airframe Interaction,
Part 1: Theory

H. Affes* and A. T. Conliskt
Ohio State University, Columbus, Ohio 43210

The flowfield generated by a helicopter in flight is extremely complex, and it has been recognized that interac-
tions ammig components can significantly affect helicopter performance. In the present work a simplified model
for the interaction of a rotor tip vortex with the helicopter fuselage is developed. The tip vortex is idealized as a
single three-dimensional vortex tube, and the fuselage is modeled as an infinite circular cylinder. The Biot-Savart
law is employed to describe the flow induced by the vortex, and the flow is assumed to be inviscid and irrotational
outside the core of the vortex. The numerical calculations indicate that a large adverse pressure gradient develops
under the vortex on the fuselage causing a rapid drop in the pressure there; large variations in the curvature of
the vortex are not observed. Numerical solutions for the vortex position and for the pressure on the airframe are
calculated for the case where the vortex is embedded in a three-dimensional steady mean flow; the effect of vortex
core size is also investigated. The nature of the initial stages of the breakdown of local axisymmetry of the core of
the vortex filament is suggested based on both the numerical and experimental results.

Introduction

ECAUSE . of increased maneuvering .and load capacity

requirements, recent work suggests that more information
about the tip vortex-fuselage interaction is necessary to improve
the design of the U.S. Army’s helicopter fleet. Indeed, lack of un-
derstanding of the interaction between the tip vortex and solid sur-
faces has been identified as a major hurdle in predicting flows
around complete rotorcraft configurations.! The focus of the
present work is on a simplified model of such a tip vortex-fuselage
interaction and consists of the analysis and computation of the mo-
tion of an infinitely long vortex tube passing above a circular cyl-
inder. This vortex tube.geometry is an idealization of the actual
case where the tip vortex is a continuous helical tube.of concen-
trated vorticity. The radius of curvature of the helix is approxi-
mately.constant and very nearly the radius of the rotor!; if the fuse-
lage or airframe radius is much less than the radius of the rotor,
then as the filament approaches, it appears as a nearly straight fila-
ment oriented at approximately 90 deg to the generators of the cyl-
inder. Thus the motion of a single vortex filament above the cylin-
der should be an adequate model for the actual physical situation
during the period of interaction: In the present paper, the motion of
the filament and its effect on the airframe before impact will be in-
vestigated in detail. The flow is assumed to be inviscid and irrota-
tional outside the core of the vortex filament. ,

The motion of a three-dimensional vortex in free space has been
documented by a number of authors, and excellent discussions of
the previous work in this area is given by Hon and Walker? and
Sarpkaya.? For the case where the vortex filament interacts with a
body, the amount of work is much more limited and only simple
body shapes such as a plane wall? and a sphere*” have been con-
sidered; moreover, in general, the vortex filament shape is also
restricted.® .

In the rotorcraft area, Quakenbush and Bliss® have developed a
“fat core” model based on the classical panel method designed to
prevent the development of singularities when the vortex comes
too close to the surface control panel points. Their objective is to
reduce the large amplitude of the induced velocity as the vortex
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collides with the surface by manipulation of the vortex core size,

" so that the numerical algorithm will not fail on collision. Komerath

2263

et al.? succeeded in modeling the periodic surface pressure fluctua-
tions on the top of the airframe accurately using an existing rotor
code that models the entire wake except during the time regime of
significant vortex-surface interaction. Nominally, this time period
runs from precollision through the postcollision phases. On the
sides of the airframe, in the postcollision phase, they found large
discrepancies between the computed surface pressure and the mea-
sured values. In fact, the pressure change is the opposite of what
would be expected based on.the superposition of a line vortex and
singularities representing the airframe surface. The discrepancy
was traced to the inability to predict the velocity field during sig-
nificant vortex-surface interaction using a large-scale rotor wake
code. This confirms the need for detailed analysis and computation
of the vortex-surface interaction before further progress can be
made in computing interacting flows around entire rotorcraft in the
crucial operating regimes of hover and low-speed flight. Clearly,
such an effort poses substantial challenges to both analytical
approaches and to experiment, the latter because the phenomena in
question occur on time scales on the order of 1 ms and involve
highly three-dimensional flows. Moreover, the precise areas of
deficiency in both experiment and theory do not become evident
until detailed comparisons can be performed, proceeding systemat-
ically through the stages of the approach vortex trajectory and the
precollision phenomena on the surface and then on to the impact
and postcollision phases. In this paper we address, from a funda-
mental point of view, the characteristics of the approach vertex tra-
jectory and the precollision phenomena on the surface as functions
of vortex core size and mean flow speed.

Simons et al.'® investigated the structure of the vortex filament
shed from a rotor; they estimated the vortex core radius to be about
0.2 in. and noted that the core of the vortex may be turbulent. They
also observed a rapid deformation of the vortex-core structure as
the filament approached the supporting pylon of the rig. Liou et
al.!! have recently conducted experiments on the transient interac-
tion between a cylinder and the vortex shed from a helicopter rotor
(see also Brand et al.l?2 and Brand!®). They used laser Doppler
velocimetry to measure the velocity in the vicinity of the filament
and obtained results for the pressure on the surface of the cylinder
under the impinging vortex. They were able to map the -vortex
position as a function of time, including the period during which a
portion of the vortex impacts the cylinder. Bi and Leishman!#3
and Leishman and Bi'¢ also have reported on the interaction of the
tip vortex with an airframe. The tip filament impinges on the aft
part of the airframe in contrast to the work of Liou et al.,"' and so
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Fig. 1 Geometry of the present work r= 1 denotes the cylinder sur-
face.

the circulation of the filament is of the opposite sign. Both situa-
tions will be considered in the present work..

The experimental work just described indicates that the tip vor-
tex will interact strongly with the airframe; recall that the vorticity
field associated with the tip vortex is much stronger than that asso-
ciated with the balance of the rotor wake, and so significant impul-
sive rotor loads may be generated. In the present work, a simpli-
fied model for this interaction is developed; in particular, the
airframe is modeled as an infinite circular cylinder and the tip fila-
ment is taken to be straight and undeformed initially. The purpose
of this paper is to present the theoretical tools to predict the vortex
trajectory toward the cylindrical airframe and the pressure distri-
bution on the cylinder under the vortex for a range of physical
parameters and before the onset of strong interaction between the
filament and the boundary layer on the airframe. The results indi-
cate that, desplte the relative simplicity of the model, many of the
features of the vortex filament motion and the pressure field on the
body seen in expenments“ ~16 are reproduced. In this work, results
are presented for a vortex in a three-dimensional streaming motion
reminiscent of actual rotor flowfields. The effect of the vortex core
size and the relative magnitude of the mean downwash and axial
flow on the filament motion and the pressure distribution are also
investigated. The effect of the image flowfield on the structure of
the vortex as the filament approaches the cyhnder is also consid-
ered.

This paper is the first of two-part series on t1p-vortex-a1rfra.me
interaction. In Part 2,"7 the methods developed in this paper will be
used to make quantitative comparisons with expériment. The plan
of the paper is as follows. First, the problem is formulated, and the
various elements in the calculation of the vortex filament motion
are described in detail. In particular, the calculation of the image of
the filament in the cylinder is performed using classical transform
techniques. The numerical techniques employed to advance the fil-
ament in time and the calculation of the self-induced motion of the
filament are detailed next. The results of the calculations are pre-
sented, and the paper concludes with a discussion of the genesis of
the breakdown of the assumed vortex core structure as the vortex
approaches the cylinder, followed by a summary and conclusions.

Formulation
We first consider the inviscid flow due to a generalized vortex
filament of small cross section in a stagnant environment; the fila-
ment has strength T, and outside the filament the flow is assumed
to be inviscid and irrotational. A typical initial vortex position is
depicted in Fig. 1. The velocity potential due to the ﬁlament may
be described by a velocity potential ¢’ that satisfies & ¢’ = 0.Let

o' =¢;+ 0y where ¢y is the potential due to a vortex in free space.
Then ¢ satisfies

2 . o, 9y
Vig,=0 with E— > at r=1 (1

and ¢’ must be bounded as 7% + z> — oo. Here all lengths have been
made dimensionless on the cylinder radius denoted by a, and ¢’

has been made dimensionless on U..a where U, is a typical veloc-
ity. To simplify the calculations, we assume the cylinder is infinite
in length. To obtain the solution to the boundary-value problem of
Eq. (1), we use the Fourier transform in both the z and 0 directions
(Fig. 1); defining the double Fourier transform of ¢; as

~

. oo T
0o, = J. v J- ¢, exp (~ikz—im@) d6 dz

)
the transform solution ¢, satisfies
T 1 % AR
A N ®
ar2 roor P

Using the inversion formulas for the transforms as given in
Churchill,'® one may easily show that the velocity potential due to
the presence of the cylinder, henceforth termed the image field, is
given by

c 3y
- 2 =

41|:,,,.,°

Km(|k|r) ikz
X—I—e
r=1 |k|Km(|k|)

“

where K,, is the- modified Bessel function of order m. Note that
(90y /ar)[, _, is the radial velocity at 7 = 1 due to a vortex filament
in free space, which is defined by the Biot-Savart law; the trans-
form in the z direction may be performed analytically, and after a
significant amount of algebra, the transform of the radial velocity
is given by

Oy,),_, = sgn(D) I e‘i”°Jc[i§§Ko<cl1kl)

+AK, (¢, /)1 ™ dsdo )

where

’

A= E[(cos 0 —x") sin 6—(sin6—y')cos 6]% ©6)
s

¢
]_L;=2(ai sine—al cose) )
as’ as’
= A/(cos 0-x) + (sin 6-y)" ®)

and where, in Cartesian coordinates, the velocity field due to a vor-
tex filament in free space is given by*

' -X') xdX’
U, (X,1) = —sgn(mj =X XX )
, ¢ lx-x

In Eqs. (6-8) the filament position is given by

X (s, 1) =2 (5) f+ y (s');+ (s k
where s’ denotes a parametric variable defmlng the vortex fila-
ment. The C on the integral in Eq. (5) denotes integration over the

space curve defining the vortex filament. The vélocity potentlal
given by Eq. (4) is expressed in polar coordinates; however, as will
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be evident later, it is more convenient to advance the vortex fila-
ment in the Cattesian coordinate system defined in Fig. 1.

In a typical rotorcraft environment, the tip vortex is embedded
in a downwash corresponding to the balance of the rotor wake
superimposed on a velocity component along the airframe (for-
ward flight). In the present work we model the effect of the bal-
ance of the rotor wake by a steady downwash cotresponding to
two-dimensional flow past a cylinder. In the coordinate system of
Fig. 1 we have

Uy

in 20, o A
= 30 ei—(1+coszze)j+ak ~ (10)

r r

where o= W_J/U., is the ratio of the mean velocity at infinity in the
z direction to the characteristic velocity U.,, which is the down-
wash mean velocity as y — ce. Note that the first two terms in Eq.
(10) correspond to two-dimensional flow. past a cylinder. For a
vortex filament embedded i in the mean flow given by Eq. (10) the
total potentlal 18 given by

o= é(¢,+¢v> +o,, (in

where ¢M is the potential corresponding to U,; Eq. (4) for ¢, is not
altered since Eq. (10) sat1sﬁes the sohd wa11 boundary condition.
Here

U.a

B =4n —
"

At this point the velocity field corresponding to the potential field

of Eq (1 1) may be wntten as

=EWﬁUQ+% (12)

and the velocity # has been nondimensionalized on U... It should
be noted that a clockwise rotation of the vortéx filament when
looking from a side view corresponds to a circulation I" > 0. To
convect the filament the velocity due to the vortex itself, Uy, and
its image U; must be computed. The methods eniployed to do this
are described next. '

Vortex Core Flow

The crucial difference between the motion of a two-dimen-
sional, straight vortex filament and a three-dimensional filament is
the presence of a local self-induced velocity field that, in general,
imparts a finite curvature to the vortex. The velocity field corre-
sponding to a general vortex filament in free space is given by Eq.
(9) provided the field point X is not on the vortex filament. How-
ever, to advance the filament we must evaluate Eq. (12) on the fil-
ament, and for one value of X = X’ Eq. (9) becomes unbounded
there. This is a reflection of the fact that Eq. (9) is not valid as the
core of the filament is approached; Callegari and Ting?' have sug-
gested that the singularity may be removed by the incorporation of
the physical effect of the viscosity in the core, and they show how
to match this core flow solution with the inviscid solution for the
case of a general, finite length, closed filament in free space. Their
work is in the process of being adapted to the present probiem;
however, the analysis is very complex, and in this work a more
conventional approach to remove-the singularity in U}, will be
adopted.

In the present work we adopt a cutoff procedure due ongmally
to Moore?? and employed recently in the work of Hon and Walker?
in their calculations of the flowfield induced by convected hairpin
vortices. The method entails inserting a parameter | into the
denominator of Eq. (9) to regularize the integrand when X is on the
filament; in this case, Eq. (9) becomes

(X-X") xdx’

2,3/2

— 13)
¢ (x-x1"+1) '

U,(X,1) = —sgn(T) J-

The value of i is fixed by appeal to the exact solutlon for the vor-
tex ring problem,???? and the result is

2 2
* 4’ 4 8’ (o
b (_Ll ) = - 1 ——-n; Vi dr¥ + ___Tt2 J w2k dr a4
a* 2 ) ),

where v" and w’ are the velocities in the core of the vortex, anda*
is the dimensional vortex core radius; r* and U* are also dimen-
sional. For the case of w = 0 and v’ corresponding to a Rankine
vortex

l" *
2—— r*2 if r¥ <a*

T a;
Vo= 15)
5 F* if re 2 a* '

nr

then

wr = ate " (16)

Initial calculations of the motion for the vortex have indicated that
the effect of axial flow is telatively minor,?* and thus, in the inter-
est of convenience, we consider only the case where w'= 0. The
parameter | in Eq. (13) is dimensionless and is defined by p = p*/
@ where a is the cylindrical airframe radius.

Self-Induced Motion of the Vortex Filament

The present calculation of the self-induced motion of the vortex
filament is essentially that due to Hon and Walker,2 and in what
follows we outline their procedure. The evaluation of successive
positions of the vortex filament position is a Lagrarigian calcula-
tion. Let s be a parametric variable such that the space curve defin-
ing the centerline of the fllament is given by X = X (s, ©); then Eq.
(13) may be wntten

(X-X") x (dX’/3s") d

a2 2,32 an
(Ux-x1"+u)7

U,(s,) = —sgn(I) J
c

As pointed out by Hon dnd Walker,? [ is often small for small-
core vortices, and consequently numerical evaluation of Eq. (17) is
still difficult; Hon and Walker,” following Moore,? suggest using
a Taylor series expansion of the integrand about the local filament
point. The form of Eq. (17) obtained by Moore using thls proce-
dure is

Uy(s0) = sgn(r)J [wx'/as,) X (X-X")

ol dx-x17+1H”

X X

e o o

ds 'as .
+gnan[é§x§£Jj P(s")ds’ | (18)

o 35 &€
where
S0
P(s’) = : 19

[(s'—9)" (8X/35) 2+ W17

The second integral in Eq. (18) may be calculated analytically,
whereas the first integral can be evaluated numerically using a
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standard integration scheme. The accuracy of the numerical calcu-
lations of the first integral may be significantly improved if further
terms in the Taylor series are included. Hon and Walker? suggest
that more terms are necessary to compute accurate solutions for
filarments with small vortex cores moving near solid boundaries. If
R(s", 5) denotes the integrand of the first integral in Eq. (18),
higher order terms in the Taylor series are given by

R(s'=5) = D(s'~s)" + E(s'—5) +...

fors’ ~ s, where D and E are complicated vector functions given
in Appendix D of Hon and Walker? and will not be given here for
brevity. Consequently, when the field point approaches a filament
point, the infegrand of the first integral in Eq. (18) is equal to
R(s’, 5) and the integral around s = s’ may be performed analyti-
cally; terms through (s’—s)* are used in the calculations. The evo-
lution of an initially straight vortex filament above a circular cylin-
der as in Fig. 1 may then be described as follows. The deformation
of the vortex filament will be local in character and occurs
between, say, x = —/ and +] where / is a parameter. Assume that
the parametric variable 5" ranges from s = —co to +oo. Then the
infinite integral in Eq. (18) can be evaluated as follows. The vortex
ends from (—co, —/) and from (/, ¢o) are assumed to be straight, and
the associated integrals may be computed analytically. For each
value of s on the filament the remaining portion of the vortex fila-
ment is broken into three segments: one from —/ to s —As, one
from s — As to s + As, and one from s + As to . Only those inte-
grals from —/ to —As and As to ['need to be computed numeri-
cally. Here As is the spacing between the grid points defining the
vortex. The parameter / must be determined by numerical experi-
mentation, and in all cases considered ! = 5 is sufficient to insure
that the straight portions of the filament are not affected by the
deformation of the filament near the cylinder. The limits of the
integral involving R are somewhat a matter of choice; however,
the choice of the interval (—As, As) gives excellent results when
the numerical mesh on the filament is refined.

Having described the calculation of the self-induced portion of
the velocity field, we now discuss the calculation of the image
field.

Image-Induced Velocity Field .

The solution for the velocity field due to the image of the fila-
ment may be obtained by direct differentiation of Eq..(4) with the
radial velocity due to a vortex filament in free space at the cylinder
boundary given by Eq. (5). Substituting Eq. (5) into Eq. (4) and
switching the order of the integral and sum, one can write Eq. (4) as

(20)
where

I 2| k) = i k( ).dk
=2| AK,(c,k) ———cosk(z—-2").
! Jo (k) 5 (k)

m

[, =-21B k () k(z-2z")dk
‘BK (¢ sin z—7
! 0 0( ! ) K k) (

m

The velocity components can be obtained by differentiation under
the integral, and it follows that

sen(D) w [°
Ulr - 2

(I,+1,)ds’cos m(6-a)da

@n

T +1)ds'sin m(0—a) do.
41 m=—co® T o clr’

(22

U, = sgn(F) z Jl J (I, +1,) ds’ cos m(e o) do
, 4’ "= oo
(23)

where the specific forms of the integrals I,—/g are given in the
Appendix; in these equations the subscript I denotes the image.
The self-induced velocity field is given in Cartesian coordinates
because it is simpler to advance the vortex in Cartesian space. The
image velocity field may be rewritten in Cartesian coordinates as

U, = (U, cos 0—Uyysin 8) 7+ (U, sin 0 + Ujecos 0)] + Uk

4

and this expression will be used to convect the vortex. To evaluate
the integrals along the space curve in Egs. (21-23), we use a pro-
cedure similar to the evaluation of the self-induced velocity.

Filament Motlon

The velocity field 1nduced by a general vortex filament in the
presence of the cylinder and in a mean streaming motion is given
by Eq. (12). To calculate the motion of the vortex filament, we
evaluate Eq. (12) on the filament; each point is then advanced
according to the evolution equation

X
—(s,1) = Pu (25)
‘ ot
Where the time scale ¢ is defined by

oo

t= == % : (26)
Ba
and r* is dimensional.
In general, the initial pos1t10n of the fllament is given by

X(st—O) —f(S)l+ysj+Zk 27
Here we take y, = 2.0; also, z, = 0 and f(s) =s.

Pressure Field
To obtain the surface pressure field, we begin by noting that the
pressure gradients on the cylinder are obtained from Euler’s equa-
tions which are given, in dimensionless form, by
L%, wVyu=-Vp @8)
B or _

where p = (p*—p.)/p U”, where p* is dimensional and p,, is a con-
stant reference pressure. Using the definition of the velocity poten-
tial u = V¢, after interchange of time derivative and gradient, we
find that

(100 lul’ ) |

V(— —+— =0 29

Bat+ 5 +p (29)

Integrating Eq. (29), we have '
1 8¢ IuI '
o4 = 30
B >+ 3 fo (D (30)

where f; is the Bernoulli constant obtained by evaluating the left
side of Eq. (29) at the beginning of the integration path; if all paths
begin at z = —eo'and 8 = 8,, thén fy =, U7 (r = 1,0,) where 8 is
a parameter.

The velocity potential ¢ includes the effect of the mean flow, the
image, and the vortex itself. The image potential is given by Eq.
(4), and the mean flow potential may be obtained directly by inte-
gration of Eq. (10). The potential due to the vortex itself is not easy
to obtain, and this is described now. Let X denote a vector coordi-
nate along any path in the fluid; then

oy = 9y (Xp) +J U, -dXx (31
path '
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where X, is the initial point of the curve. Consider the case where
the integration path lies on the cylinder surface at a fixed angular
location ¢, and in the z direction; then

Oy (83, 2) = ¢y, (8, —=0) +J.Z Uy, (8, 2)dz (32)

where Uy, is the velocity due to the vortex filament alone in the z
direction and is given by an integral of the form

F (6,,s5s)ds
UVZ=J. 1O 7 33)

€ [F2(8,5) + (z—2)1""

Substituting Eq. (33) into Eq. (32), switching the order of the inte-
gration, and integrating in z yields

F o
0y(8g,2) = 0y (8y, —=9) +j *—12 { 7 + l}ds'

2 w2, 17
CF, |[F2+(z-2)7] 2 34
(35)
In Eq. (34)
ax' . ’ ay, 3
F1=__,(sm00—y ) ~—= (cos QO—X) (36)
os ds’
and
F, = ¢,(8y5") €1)

The integral along the filament in Eq. (34) may be evaluated
numerically; 0, is a parameter and may thus be varied until ¢y at
all of the desired azimuthal locations is determined.

Numerical Methods

The Lagrangian calculations for the advance of the vortex fila-
ment corresponding to the solution of Eq. (25) subject to the initial
condition of Eq. (27) are computed by the fourth-order Runge-
Kutta method. The vortex is discretized using a mesh size As, and
the filament grid points are given parametrically by

s;= (j-M/2-1)As (38)

where M =100, j=1,..., M + 1, and As = 0.1; the length 2/ over
which the filament may deform is thus 10. Solutions have been
computed for several larger values of I/ corresponding to 2/ = 12
and 16 with no change in the computed solution to three digits.
Use of the preceding numerical parameters to define the filament
and of the time step Ar=0.01 insures at‘least three-figure accuracy
in the computed vortex trajectory as those parameters are reduced.

The self-induced velocity of the filament is given by Eq. (18).
Simpson’s rule? has been employed for that integral. The deriva-
tives with respect to s, say dX/ds, have been computed using the
second-order central difference scheme according to

X. . . —-X
ax = L Tl g(as) (39)
dS s=s_7 2AS

There are a number of other numerical parameters in the present
calculations, and a series of numerical tests were carried out to
insure the accuracy of the computations. First, for the computations
of the vortex trajectory, the real valued integrals corresponding to
the calculation of the image-induced velocities are all of the Fourier
type in £. A transformation in & is employed to cluster the grid near
k =0, and the resulting integrals are computed using Simpson’s
rule. A total of 100 points in & are used to insure three-digit accu-
racy compared with the solution for 200 points when the distance
between the vortex and the cylinder is no less than two core radii.

The integrals in the angular variable o [see Eqgs. (21~23)] are calcu-
lated using a uniform mesh. A grid size Ao = 21/40 is employed to
insure three-digit accuracy at all times compared with the solutions
for Aot = 2n/80. In addition, the number of modes in the azimuthal
direction must be specified; here again, several values were tried
corresponding to 8, 10, and 12 modes with no difference in the
computed solution for the filament position to three digits.

Second, the computations of the image-induced velocities at the
surface of the cylinder used in the evaluation of the surface pres-
sure field are performed using a different procedure. Because the
airframe surface is fixed and a computational grid is easily
defined, it is more efficient computationally to use the fast Fourier
transform (FFT) technique to obtain the surface pressure. The Fou-
rier transform of any flow quantity is defined as

G(m, k) = J’w J‘n G (0, z) exp(—imB—ikz) d6 dz  (40)

where m = 0, 1, 2, 3, ..., is the transform variable corre-
sponding to 8, and £ (real) is the transform variable corresponding
to z. A finite range—L <z <L is used in the numerical scheme to
represent the infinite range of z. An adequate range of z is deter-
mined by comparing the results with the results of larger ranges.
Several tests have been conducted to determine the appropriate
range, and the value L =12.8 is used here. In addition, values of Az
=0.05, 0.1, and 0.2 were tested with at least two-digit agreement
between all three grid sizes; however, to obtain better, more
resolved results for the pressure, especially in the latter stages of
the calculations, the present results are for Az = 0.05 with the num-
ber of points M, = 512. The number of points in the € direction is
taken to be My = 32, which insures at least three-digit accuracy
compared with My = 64. The discretization of the Fourier trans-
form is carried out as follows:

—m<OST, 6, = (i-1-My/2)A8 for i = 1,2,..., M,
“n

~L<zSL, z;= (j=1-M/2)Az for j=1,2,..., M,
“42)

-L<k<L, k,= (n-1-M,/2)Ak for n = 1,2,..., M,
43)

where the grid spacings A6, Az, and A k should satisfy the follow-
ing relations: v :

Az=—, Ak =
0 z

i
— 44
L @9

and M, and M, are chosen to be power of 2 to use the fast Fourier
transform efficiently.

For brevity, we only outline the procedure to obtain, for exam-
ple, U, l,_,. First, the velocityUy,|, _, is computed using Eq.
(9). Then its forward transform (3d0y./dr)|, =1 appearing in Eq. (4)
is obtained from Eq. (2) using the FFT. The Fourier transform
of ¢,|r=1 is then computed using the integrand in Eq. (4) that is

.given by

K, (1KY

oy 30y
[kl K., (k)

=1
or 'r=1

(45)
To obtain l[hl,: 1, which is equal to (ae,/az) l»=1, we invert the
quantity ik®;|-=1 back to the physical domain using the inverse
Fourier transform. All other image-induced velocity components
on the surface of the cylinder are obtained in a similar way.

Last, because the velocities are more sensitive to numerical
error than are the filament positions, it has been found necessary to
use a much finer grid over the vortex filament in calculating the
surface pressure; thus As = 0.025 in evaluating the Biot-Savart
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integral [see Eq. (9)] in all of the pressure and pressure gradient
calculations presented.

Results

There are three main parameters whose effect is of interest here;
these are o, P, and the assumed dimensionless vortex core size a,.
In all of the following cases, the initial configuration of the vortex
filament is x =5,y =2.0, and z = 0, and the results are plotted every
five time steps beginning at time step 1. Figure 2 shows the results

for the filament position for ot = 1, and B = 3 for the case where the
core size is fixed at a, = 0.1; this results in a value of i = 0.047,
which is characteristic of core sizes in experiments. The sign of the
circulation is positive and is also shown and corresponds to the
experimental situation of Liou et al."* (see also Refs. 12 and 13).
Note the bending of the vortex filament as it approaches the air-
frame; in this figure, the calculation was stopped after 40 time
steps, and thus the total time of the calculation is £ = 0.4; at the last
time shown, the head of the vortex is just over one core radius
from the cylinder. Soon after this time a kink begins to appear in
the vortex at the midpoint s = 0 and the calculation fails. Similar
results are obtained for the case of o. = 2 and they are shown in Fig.
3; here the convection distance in the z direction is larger because
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Fig. 3 Vortex positions for the case where ot = 2.0 and B = 3.0: a) end
view, b) top view, and c) side view. Here A ¢ = 0.01, and the vortex core
radius a, = 0.1. Arrow denotes increasing time.
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the mean axial flow is larger; the qualitative characteristics of this
case are similar to those of Fig. 2. The effect of vortex core size is
depicted in Fig. 4 for the case of o. =2 and § = 3. Here g, = 0.05,
and note that the results are very similar to the preceding results
except in the latter few time steps; ‘in particular the vortex head
moves faster toward the cylinder with a slower speed in the z
direction, a situation not evident in the larger core result (Fig. 3);
similar results are noted for the o = 1 case. At the last time step
shown for a, = 0.05, the head of the vortex is just over one core
radius from the cylinder, and again the total dimensionless time of
the calculation is #=0.4.

For all of the results shown so far, the sign of the circulation has
been assumed to be positive; the experimental situation described
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Fig. 4 Vortex positions for the case where o = 2.0 and = 3.0: a) end
view, b) top view, and c) side view. Here A ¢ = 0.01, and the vortex core
radius a, = 0.05. Arrow denotes increasing time.
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Fig. 5 Vortex positions for the case of Bi and Leischman where o =
1.72 and = 2.4: a) end view, b) top view, and c) side view. Here sgn(I')
= —1, A t = 0.01, and the vortex core radius ¢, = 0.1. Arrow denotes
increasing time.

by Bi and Leishman*> and Leishman and Bi!® may be modeled to
a first approximation by merely switching the sign of the circula-
tion. The experimental conditions correspond to o. = 1.72 and § =
2.4; the core size has been fixed at 0.1. Figure 5 shows the results
for an advance ratio of 0.075. The end view of the vortex motion is
similar to the preceding results; however, the other two views are
substantially different. Note in particular the side view where the
trajectory suggests a grazing type of motion rather than a direct
collision. We note here, however, that because of the presence of
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the downwash, the vortex head will eventually collide with the air-
frame, although at a substantially different angle than is the case
for positive circulation. It should be noted that the initial position
of the vortex does not necessarily correspond to that of the experi-
ments of Bi and Leishman'; moreover, the vortex core radius has
been fixed as noted earlier. Consequently, quantitative comparison

of the present results with the data of Bi and Leishman'*!> must
await future work. However, it is believed that the essential fea-
tures of the vortex motion may be captured using the present
model.

The rather mild filament curvature induced by the cylinder
belies the striking nature of the pressure field under the vortex. In
all subsequent results, the axial pressure gradient on the air-
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Fig. 8 Results for the axial pressure gradient and pressure for the
parameters of Fig. 4: a) pressure gradient and b) pressure. The circles
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framedp/ 9z is plotted at O, = 7/2 at the time steps corresponding
to those plotted for the vortex positions; however, the initial pres-
sure gradient and pressure are not plotted. Figure 6 shows the
results for the pressure gradient and pressure for the parameters of
Fig. 2. Also shown is the relative position of the vortex head. Note
the emergence of a large adverse pressure gradient just down-
stream of the head of the vortex. The adverse pressure gradient
causes a large suction peak at the axial location of the head of the
vortex. Similar results are observed for o.=2 and P =3 in Fig. 7;
the difference in the pressure results at the earlier times is due to
the difference in the vortex position. However, the magnitude of
the maximum suction peak is nearly equal in both cases; this is
believed to be due to the fact that the local vortex y position near
the pressure evaluation point is very similar in each case. In Fig. 8,
the core size @, = 0.05 and all other parameters are as in Fig. 7;
here the results are plotted every five time steps beginning at ¢ =
0.05. The last time step shown in Fig. 8 corresponds to ¢ = 0.37,
and at this time the vortex head position is at nearly the same y
position as that for the parameters of Fig. 7 at ¢ = 0.4. Conse-
quently, the maximum suction peak in each case is nearly equal,
although the time evolution of the peak is substantially different.
This can be seen by noting that in the early stages of the calcula-
tion, when the vortex is many core radii from the cylinder, the
pressure traces in each case are nearly the same; after £ = 0.3, as the
vortex approaches the cylinder, the two solutions begin to deviate.
Figure 9 shows resuits for negative circulation corresponding to
the filament evolution depicted in Fig. 5. Note that the character of
the solution for both the pressure and the pressure gradient is much
different than for the case of positive circulation described in the
preceding results. The imagnitude of the adverse pressure gradient
and the pressure should be compared with Figs. 6-8; in each case
the negative circulation yields much bigger values in the latter
stages of the calculation. This appears to be due to the fact that the
negative value of the circulation induces a larger total axial veloc-
ity on the airframe than is the case with the positive value of the
circulation. It should be noted here that, in the work of Bi and
Leishman, ! the results for the pressure distribution are plotted as a
function of time at fixed locations on the airframe; in the present
case the results have been plotted at a number of locations on the
airframe for several times. The precise details of the pressure field
in the work of Bi and Leishman!® depend on the relative position
of the pressure sensors on the airframe, and several different types
of pressure traces have been identified. In particular, the form of
presentation of Bi and Leishman'® may be obtiined by fixing
attention ‘on-a specific point on the airframe and observing the
behavior of the pressure at successive times. The present results
appear to be consistent with those of Bi and Leishman'3 during the
period before vortex-airframe collision in that they indicate a rapid
drop in pressure with time as the vortex approaches. The magni-
tude of the drop is dependent on the relative position of the sensor
point and the posmon of vortex impact as discussed in Ref. 15,

Vortex Structure

As mentioned, the value of u in Eq. (13) is obtained ‘assuming
that the vortex core structure is locally axisymmetric. To investi-
gate the -possible modification of this structure as the filament
approaches the cylinder, the velocity field around the core has
been investigated. The velocity field relative to the vortex filament
at s = 0 has been calculated at 7 = @, where 7 denotes a local coor-
dinate system attached to the filament. These results are shown in
Fig. 10 for the case of ot = 2 and P = 3; the vortex core size has
been fixed at 0.1. In this section the variable 6. refers to the local
angular coordinate relative to the vortex core as depicted in Fig.
10. The results are shown at ¢ = 0, indicated by the straight lines,
and at the later times in the calculations when ¢ = 0.35, 0.36, 0.37,
0.38, 0.39 and 0.4. Note that for much of the time the azimuthal
velocity (relative to the filament) is constant at just over —6; how-
ever, very late in the calculation, some azimuthal variation begins
to emerge. This coincides with the development of a finite radial

_velocity at this location. A rapid increase in the magnitude of the
azimuthal velocity occurs around 0 = 270 deg; which’ coincides
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the assumed vortex core radius 7= g, around the vortex as a function
of local polar angle. The ciirves are plotted at ¢ = 0 (straight line) and at
later times, ¢ = 0.35, 0.36, 0.37, 0.38, 0.39, and 0.4. These results are for
s=0.Hereaa=2,p=3, andav 01

with the portion of the vortex nearest the cylinder. In the work of
Callegari and Ting,?! the image-induced component of the local
velocity field around the vortex is zero; and the azimuthal velocity
just outside the vortex is the free vortex axisymmetric solution;
therefore the core flow will remain axisymmetric if it had origi-
nally been axisymmetric. Investigation of the local velocity field at
points removed from s = 0, namely, at s = 1 and 4, reveals that the
flow is indeed nearly axisymmetric at the vortex boundary for all
times. It should be mentioned that the azimuthal direction with
respect to the core of the vortex at 8 = 270 deg corresponds to the
axial flow (z direction) with respect to the cylinder. ,

The genesis of the deformation of the vortex core may lie in the
breakdown of local vortex core symmetry alluded to earlier. As the
vortex approaches the cylinder, the image-induced velocity gets
progressively larger until it influences the azimuthal velocity field
in the vortex core; since the image-induced azimuthal velocity is
not axisymmetric with respect to the vortex core, the velocity
within the core of the vortex must deviate from the simple Rankine
vortex model assumed. This loss of symmetry will result, by local
continuity, in the emergence of finite radial and axial velocities
within the vortex core (if such an axial velocity did not exist before
the strong interaction); the numerical results suggest that this pro-
cess begins when the vortex is still outside the boundary layer. As
Fig. 10 (and the other calculations at s = 1 and 4, which are not
shown), indicates, this process occurs locally around the points of
the filament that are close enough to the cylinder. v

Fmally, it should be noted that the striking emergence of the
strong adverse axial pressure gradient spike (Figs. 8-10) is charac-
teristic of many flows generated by vortex motions in two dimen-
sions??7 and is expected to play a crucial role in the subsequent
local destruction of the vortex and in the devclopment of the
boundary layer on the airframe.
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Summary and Conclusions

In the present work the motion of a geéneralized vortex filament
outside a circular cylinder has been investigated We have consid-
ered the effect of mean flow, vortex core size, and the relative
magnitude of mean downwash and mean axial flow on the evolu-
tion of the vortex. It has been shown that the effect of core size is
relatively minor until late in the calculation when the vortex core
passes within several core radii of the cylinder surface; some vari-
ation in the trajectory of the vortex and in the pressure field on the
cylinder then occur. The presence of the mean flow in the calcula-
tion hastens the ‘interaction of the vortex with the cylinder as
expected; the relative importance of the mean downwash and the
axial flow also has the expected result; the vortex reaches the cyl-
inder in a shorter axial distance than for the case of smaller o. In
particular, three major conclusions may be drawn from these cal-
culations. First, the motion of the vortex induces a very strong
axial adverse pressure gradient on the cylinder under the vortex,
which results in a very strong negative pressure spike; this nega-
tive pressure spike has also been observed in recent expenmental

work.!"13 Second, the curvature of the vortex filament appears to
remain finite as the filament approaches the cylinder and no kinks
arise in the filament profile. This result is also consistent with
experimental results''~' and suggests that rapid changes in the fil-
ament profile are not responsible for the subsequent changes in the
vortex structure as it approaches the cylinder. Third, the present
nurnerical results suggest that the vortex core flow will deviate
substantially from the axisymmetric solution assumed as the vor-
tex approaches the airframe. This may be the physical mechanism
for the large flattening of the vortex core flow seen in certain
experiments.!®!! The effect of core size is limited to the latter
stages of the calculations when the vortex approaches w1th1n afew
core radii of the airframe.

It is useful to discuss the effect of viscosity on the vortex as it
approaches very close to the airframe. For all of the calculations
presented here, the vortex core is nominally outside the boundary
layer, and so the flow outside the core is still inviscid. At the
present time we are investigating the nature of the viscous flow on
the airframe under the vortex as it approaches??%; the results indi-
cate the appearance of a reversed flow region that eventually is
likély to be ejected into the main stream to interact with the collid-
ing tip vortex. This phenomenon is very difficult to capture numer-
ically, and at the present time only the initial stages of the response
of the viscous flow under the vortex have been computed. The
actual collision process is a matter for ongoing study.

Appendix
The integrals I;-I; are defined by

’
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